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Abstract. We study small, PT-symmetric perturbations of self-adjoint double-well Schro- 
dinger operators in dimension n > 1. We prove that the eigenvalues stay real for a very 
small perturbation, then bifurcate to the complex plane as the perturbation gets stronger. 
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1. Introduction 

We study spectral properties of small, PT-symmetric perturbations of self-adjoint double¬ 
well Schrodinger operators 

( 1 . 1 ) P, = -h^A + V„ 

on M, a smooth compact Riemannian manifold of dimension n, or where the potential 
is of the form 

(1.2) V,{x) = Vo{x)+teW{x). 

Here £ e M, |e| -C 1, Vo,W G C°°(M;M) and W is bounded. A denotes the Laplace- 
Beltrami operator on M. 

T.R. and J.S. are partially supported by the ANR project NOSEVOL ANR 2011 BS 010119 01. 
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The one dimensional-case has been considered in [6] nnder an additional assnmption of 
analyticity, and we concentrate here on the general n-dimensional case, n > 1. Onr new 
result is more general, but requires a stronger condition on the size of the perturbation 
parameter. 

To be more precise, Pq denotes the Friedrichs extension of the differential operator 
— -|- Vo from C^{M). In the case M = M"', it is well-known that 

(1.3) inf cress(Po) > liminf 1 / 0 ( 0 :) =: a, 

a:—>-oo 

or in other words, that the spectrum of Pq in ] — 00 , a[ is purely discrete. This assertion is 
also true when M is a compact manifold, with a = -|-oo in that case. 

Since W is bounded, we can dehne = Pq + ieW as a closed operator with the same 
domain as Pq, and it is proved in Proposition lA. II below that the spectrum of P^ is discrete 
in the half-plane {z G C, Rez < a). To hx the ideas, we will assume when M = M” that 

(1.4) a > 0. 

Thus there exists an h-independent neighborhood of Pq = 0 in C such that Pq and P^ 
have only discrete spectrum in E. 

We shall also assume that we have an isometry l : M ^ M, different from the identity, 
such that 

(1.5) = id, 

and 

( 1 . 6 ) VoOL = Vo. 

We suppose further that Vq has a double-well structure at energy Eq = 0, and that the two 
wells are exchanged by l. More precisely, we assume that 

(1.7) Ro”'(]-oo,0]) = P_iUPi, P_inPi = 0, 

where U±i C M are non-empty, closed and hence compact in view of the assumption fll.dp . 
and that 

(1.8) ^(P-i) = Pi. 

In Section [2] we review some basic facts about the Lithner-Agmon metric Vo{x)+dx^ 
(cf. fl2.2p l and the corresponding distance d{x,y), which may be degenerate in the sense 
that d{x, y) may be zero when x ^ y, but which is symmetric and satishes the triangle 
inequality (cf. fl2.3p . fl2.4p l and is a locally Lipschitz function (cf. fl2.5p - fl2.7p V 

Let diamrf(Pj) denote the diameter of Uj with respect to d. Then the two diameters are 
equal and we assume that 

(1.9) 


diamd(Pj) = 0, j = ±1. 
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To describe the spectrum of Pqj h is convenient to introduce two self-adjoint reference 
operators. Let x±i ^ [0) i-]) have the following properties: 

(1.10) Xj = 1 ii^ar Uj, 

( 1 . 11 ) snppxj 6) =:U^ 

where 5 > 0 is small. Here 

B{Uj,6) = {x e M; d{Uj,x) < 5}. 

Put 

(1.12) Pj = Pfj j = Pq + Ax-j, j = ±1- 
Here A > 0 is a constant that we choose large enough so that 

{x e M; Vo{x) + Xx-j(,x) < 0} = Uj, 

and hence the effect of adding \x-j to Vq is to hll the well U_j. If we dehne 

(1.13) Vu = u o L, u E L‘^{M), 
then V is unitary on LF‘[M) with V ^ 1 = P‘^ and we have 

(1.14) VoPq = PqoV^ 

(1.15) VoPj=P_^, j = ±l. 

The last relation implies in particular that P_i and Pi have the same spectrum. 

Assume that 

(1.16) p(h) = o(h) 

is a simple eigenvalue of Pi (and hence of P-i), and that 

(1.17) aCciVo > 0, a(P±i) n ]Jl{h) - h^yCo,Jl{h) + h^yCo[= {Ji{h)}- 

As we shall review in Section [3l if <5 > 0 is small enough, then for h > 0 small enough, 
Pq has exactly two eigenvalues in the interval 

]p(h) - h^V(2C'o),/I(h) + h^V(2C'o)[, 

namely the eigenvalues /i(h) ± \t{h)\ of the matrix in fl3.8p . 

( Kh) t{h)\ 

\t{h) fi{h)) ’ 

where fi{h) E M, t{h) E C satisfy for all 5 > 0, 

jj{h) = Jl{h) + e{6) ^0, 5^0, 

Va > 0, t{h) = 
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Here, the constant Sq is the Lithner-Agmon distance between the two wells U±i: 

(1.18) So = d{Ui,U.i). 

As a matter of fact, quite often we also have a lower bound on \t{h)\: 

Va>0, |f(h)ri = 

There are nowadays a lot of precise results available on the tunneling coefficient t{h). One 
may refer for example to 0. i or to the review paper [8] and the references therein. 

Concserning the perturbation W, we assume also that 

(1.19) Woi = -W. 

Then VPe = P-eV, where we also remark that P_e = P*. Now if we denote by T the 
anti-linear operator dehned by 

(1.20) Tu{x)=u{x), 
we see that TP^ = P-eT, so that P^ is PT-symmetric: 

( 1 . 21 ) PTPe = PeVT. 


The main result of this paper is the following 

Theorem 1.1. — Under the above assumptions, the operator has exactly two eigen¬ 
values (counted with their algebraic multiplicity) in D{J1, h^°/C) for C* S> 0 and for s real 
such that l^l h^°. These eigenvalues are equal to the eigenvalues of the matrix 


M, 


( a(^) \ 

\b{e) a(£),y 


and hence of the form 

A± = Re a ± — (Ima)^. 

Here a{e) = a(e; h), b{e) = b{e; h) satisfy, 


a(0; h) = b(0; h) = t(h), 


d,a = i J lT(x)|e?(x)pdx + C>(£h-^°)+ 

deb = 

for all (5 > 0, where e{6) —?■ 0, 5 —?■ 0. Further, is the normalized eigenfunction with 
(A-/l(h))e? = 0. 


IfW > 0 on Ui, then 

( 1 . 22 ) 


W{x)\ei{x)\‘^dx X 1, 
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and if we assume that l{1.22\) holds, then there exists > 0 with the asymptotics, 

m)i 


= (1 + - 0 . ^- 0 . 


such that 


- The two eigenvalues are real and distinct for |£| < £+. 

- They are double and real when |£:| = £_|_. 

- They are non-real and complex conjugate, when < |e| h^°. 


2. Lithner-Agmon estimates for non-self-adjoint Schrodinger operators 

We will need a few extensions of the tnnneling theory in the spirit of B. Helffer and 
J. Sjostrand [1] to the case of non-self-adjoint Schrodinger operators. We will follow the 
presentation in Chapter 6 in [3]. In the following M will denote either M” or a com¬ 
pact Riemannian manifold. We start by reviewing exponentially weighted Lithner-Agmon 
estimates. The following is an immediate extension of Proposition 6.1 in |3j. 

Proposition 2.1. — Let Q (£ M be open with smooth boundary and put P = —-|- 
V{x), for some fixed V G C(r2;C). Let $ G C^(r2;M) Then for every u G C'^{Tt) with 
u\q^ = 0, we have 

f \V{e'^/'^u)\^dx+ ! {ReV{x)-\V^{x)\^)e^'^^^^/^\u{x)\^dx 
^2 J^ Jo. 

= Re f Pu{x)u{x)dx. 

Jn 

Here \ ■ \ denotes the standard norm on scalars or vectors. In the Riemannian case the norm 
of the gradient is the natural one for cotangent vectors. A denotes the Laplace-Beltrami 
operator and dx is the natural volume element. 

Proposition 6.2 in [3] extends to: 

Proposition 2.2. — Under the assumptions of Proposition 12. 11 let 0 < G L°°(Q) and 
<h G C^(r2;M) satisfy 

ReR — (V<h(a;))^ = F+ix)"^ — F-{xY almost everywhere. 

Then 

+ l\\F+e'^^^uf < \\—^—-e'^/’^Puf + 

2 F+ + F_ 2 

The propositions 12.1112.21 allow us to make an immediate extension of the discussion of 
the Lithner-Agmon (that we abbreviate with LA) metric (originally introduced in [5] and 
[1]) and Proposition 6.4 in [3]. We just have to replace the real potential there by the real 
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part Vq of the potential I 4 and recall that we work near the real energy level 0. We repeat 
the discussion for completeness. 

The LA metric is dehned to be 

( 2 . 2 ) Vo{x)+dx‘^. 

For a curve 7 we let I 7 I denote its length in the LA-metric. If x,y G M we dehne the 
LA distance d{x,y) between x and y to be the inhmum of the lengths I 7 I for all curves 
from y to x. This distance may be degenerate in the sense that we may have d{x, y) = 0 
for distinct points x and y. Nevertheless: 

(2.3) d(x, y) = d{y, x), d{x, z) < d{x, y) d{y, z), 

(2.4) \d{x,z) - d{x,y)\ < d{y,z). 

Further, y 1 —)■ d{x, y) is a locally Lipschitz function and 

(2.5) \d{x,z) - d{x,y)\ < {Vo{y)+ + o{l))^\z - y\y, 

when z ^ y^ where \.\y is the Riemannian norm on TyM and we identify neigh (0, Tj^M) 
with neigh (?/, M) by means of the exponential map. It follows that for all x,y & M, 

(2.6) \Vyd{x,y)\ <Vo{y)l, 

(2.7) \V.d{x,y)\<Vo{x)i. 

If U C. M, we put d{x,U) = inf y^u d{x,y). Then \d{x,U) — d{y,U)\ < d{x,y), so 
\Vxd{x,U)\ < Vo{x)l. a.e. on M. 

Proposition 6.4 in [3] remains valid, but we prefer to give the following variant whose 
proof is basically the same: 

Proposition 2.3.— Let S G K <Z M be compact sets, 0 < ho << 1 and assume that 

{Pe — z)u = V, z = z{h) —)■ 0 as h —)■ 0 

where e = e{h) & 8, u = u{h) G V{Po), v = v{h) G suppn C K. Then for every hxed 
(5 > 0 there exists a constant Cs (independent of u, v) such that 

||V(e“-W'‘«)|| + ||e“-W'‘(l + < Cse‘y\u\\H^,K,), 

where 

= {x E M] dM{x, K) < (5}, <F(x) = d{U, x). 

Here dM denotes the Riemannian distance. 

We end this section by recalling some terminology from [3] (earlier used in the works 
of Helffer and Sjostrand, cf. HI)- Let A = Ah he a family of operators L^{M) -y H^{M) 
depending on h g]0, ho[ where ho > 0 is small. Let / G C^{M x M; M). We say that the 
kernel A{x, y) of A (using the same notation for an operator and its distribution kernel) 
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is 0{e if for all xo,|/o G M and 5 > 0, there exist neighborhoods V,U G M oi xq 

and yo and a constant C > 0, such that 

for all u G LP‘{M) with support in U. We have the analogous dehnitions for operators 
L‘^{M) —)■ L‘^{M) and the choice of arrival space will be clear from the context. If not, we 
write and Oip.^ip.{e~^ 1^)^ to specify. 

We make two observations in the case when M is compact 

1) If A{x,y) = B{x,y) = where X is equal to or 

then A o B(x, y) = wher^/c(a;, y) = z) + g{z, y)). 

2) There is an obviously analogous notion u = when 0 G C(M; M), u E X, 

X = L'^ or X = H^. Let A{x,y) = u = 0^2(6*^/^) where 

4> G C(M;M). Then, Au = Oxie^^^), where 4>{x) = supj^gjy^(—/c(x, ?/) + 0(2/)). 

When M = M”, one can adapt these notions provided that we have some uniform expo¬ 
nential decay near inhnity. Below, we will always be in such situations, so we shall proceed 
as in the compact case. 


3. Proof of the main result 

Let Cj = ej{h) be normalized eigenfunctions of Pj corresponding to the eigenvalue y{h): 

(3.1) {Pj - Ti)ej = 0. 

We choose Cj so that 

(3.2) Pcj = e_j. 

We know that 

(3.3) 0,-= ’")/'*), 

and we have nice uniform exponential decay estimates near inhnity when M = M” (cf. 
Proposition 12.21) . In particular, 

(3.4) (e,|e_i) = 0(e-*»'"‘), 

where we extended the notion O to scalar quantities in the natural way. 

We know that for h small enough, the spectrum of Pq ib 

hNo _ l^No 
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consists of two simple or one double double eigenvalue. Let Eoih) C L?‘{M) be the corre¬ 
sponding 2-dimensional spectral subspace and let no(h) : L^{M) —)■ L‘^{M) be the associ¬ 
ated spectral projection. Since Pq is self-adjoint, we know that IIo is orthogonal, IIo = IIq. 


The functions Ifoe^, j = ±1 form a basis in SQ{h) and we have 

(3.6) Uoejix) - ej{x) = 

From fl3.4p we see that flon,- form an almost orthonormal basis in SQ{h) (see [3] for more 
details) and this basis can be orthonomalized by using the square root of the Gram matrix 
(which is very close to the idenity) in order to produce an orthonormal basis ei,e_i such 
that 

(3.7) ej - ej = 

where we use the notation 0{e^ 1^) for (or depending on the 

context) for every hxed 5 > 0, where e(5) —?■ 0 when 5 —)■ 0. The matrix of with 

respect to this basis is 


(3.8) 

where 

(3.9) 


t{h)\ 

\t{h) fi{h)J ’ 

/i(h) = p(h) + (5(e-2^°/^) 


is real and the tunneling coefficient fulhlls 

(3.10) t{h) = 

See Theorem 6.10 in [3]. 


In many situation we have a matching lower bound on |t(h)|: 

(3.11) l/|t(h)| = 0(6^°/'^). 

The two eigenvalues of Po{h) in the interval 03.51) are the ones of the matrix 03.Sp : 

(3.12) /i±i(h) =/i(h) ± |t(h)|. 


We now turn to the perturbed operator P^, where W G C°°(M;M) fl L°°{M) and we 
assume for simplicity, that ||hF|| 2 ,oo < 1. As for e, we require that 

(3.13) \e\<^h^°. 

We know that the spectrum of P^ is discrete in some hxed (h-independent) neighbor¬ 
hood of 0 when h and |£| are small enough. From the assumption 03.131) . it follows that 
Pi; has precisely two eigenvalues, counted with their (algebraic) multiplicity, in the disc 
D(jl, h^°/{2C)) and these eigenvalues belong to the smaller disc \t{h)\ + e). Let 
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£e{h) be the corresponding 2 -dimensional spectral subspace and let He^h) : —)■ £e{h) 

be the spectral projection, where we recall the Riesz formula 

1 r uNo 

(3.14) 11 ^ = — J {z- Pe)~^dz, 7 = dD{fx, —). 

Here D{zo,r) denotes the open disc in C of center zq and radius r. Using the Riesz formula 
(cf. [21 p.62]) we obtain 

(3.15) ||n, -Holl = C>(£h-^°) < 1. 

Thus, introducing 

(3.16) Cj = HgCj, 

we see that ef, el^ form a basis for Sslh) which is close to be orthonormah Differentiating 
in fl3.14p . we see that 

(3.17) djl, = 0{h-^), 

which also implies fl3.15p . 

As we have seen in Section [2l LA estimates work also for and we have 

(3.18) e], d,e] = 

In fact, we know as in the self-adjoint case ([3]) that Hg, djle = and Cj = 

Q(^^-d{Uj,x)/hy functions e^, j = ± 1 , form an orthonormal basis for £^g(/i) when e = 0 
but not necessarily when e 7 ^ 0. Recalling that P* = P_g, we let /f,/ii G £-e{h) be the 
dual basis to ef, eti G £e{h): 

(3.19) = j,ke {-1,1}. 

Proposition 3.1.— We have 

(3.20) /I, 4/1 = k = ±1, 


Proof. Let bj^k = (e^ ^|e|), so that in the space of 2 x 2-matrices, 

(3.21) (6,-fc) = 1 + 0{eh-^°) 
by fl3.15p . By 03.181) we have 

(3.22) debj,k = when j ^ k. 


Write 

fj = 

V 

Then 03.191) reads 

X^Cj^y(ej, \ejf) = 6j^k, 


V 
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i.e. 


so 








(3.23) (c,,,) = (%*)-' = J + ©(e-*-''*). b^,, = 1 + 0(eA-"«). 

where the last equality follows from (I3.2ip . We therefore get the estimate for /| in (13.201) . 

In order to get the estimate for def^ in (I3.20p . we first observe that 

(3.24) = 0(6-^°/’^), when j ^ k. 

Combining this with the standard formula 


fl3.2ip and fl3.23p . we see that Cj^k also satisfy fl3.24l) : 

(3.25) 9eCj,j = 0{h~^°), d^Cj^k = when j ^ k. 

Now, 

= '^id,Ck,^)e-^ + ^Ck,^{d^e-^) 

V V 

and the estimate for d^fl in fl3.20p follows from fl3.21l) . fl3.23p . fl3.18p with £ replaced by 
—e in the last relation. □ 


Let Mg = denote the matrix of Pg = Se{h) —>■ Se{h) with respect to the basis 

ef, Then 

(3.26) ml, = (Uell/*) = (41^’-.//). 

Note that /° = since e^, is an orthonormal basis, and that Mq is the matrix in 03.81) . 

Naturally, the PT-symmetry of Pg induces a corresponding symmetry for Mg that we 
shall make explicit. By construction, we have PTe^ = Also notice that 

{VTu\VTv) = {u\v) = {v\u), u,v e L^{M). 

From (I3.19p . we get 

{VTf]\Vrel) = 6,,k, 

i.e. 

(Pr/;|ei,) = 6j,k = b_j,-k. 

Comparing with 03.19P (and recalling that £’g and T_g are invariant under the action of 
VT) we conclude that 

(3.27) 


VTf^ = fl,. 
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m 


U = = {PeVTeU\VTn^ 


We have, 

= (VTP^et.lTTfti) = (P.elJ/1,) = 
which means that the general form of is 

This can also be expressed as a PT-symmetry property of iVT as a linear map: —)■ C^: 

Dehne vr, r : ^ by 


(3.30) 


TT 


r 


Then fl3.28p is equivalent to the property, 

(3.31) TrrMg = Mgvrr. 

Since this formulation will not be needed below, we leave out the simple and straight 
forward proof. 

We now study First, if j ^ fc, we have 

( 3 . 32 ) = liWellf]) + (P.44l/|) + (P.4ia./') = 


For j = k, we start with 

(3.33) d,mP = + {Psd,P,\f^) + {PsP^\dJ^). 

Here we use that = e° + 0{eh~^°), /? = /° + 0{eh~^°) in L^, to see that 

(3.34) = (PFeJleJ) + 0{eh-^^) = j W{x)\e^j{x)\^dx + 0{eh-^°). 

In order to treat the other two terms in (13.331) . we recall that by dehnition of we have 

(3.35) P,Pj = ^ml-el. 

U 

We need a similar formula for P* fP so we take the inner product of (I3.35p with and 
get 

i^'j\Pefk) = = mlj. 

Exchange j, k and take the complex conjugates: 

iPefj\4) 

to conclude that 

(3.36) n7/ = E^.u;. 

V 
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Using fl3.35p . fl3.36p . we get 

(Psdse^.if!) + = {d,p,\p:f^) + (PeP.m^) 

= i'^luidse^jlft) + K,j{et\def-)) 

V 

= “5.j((ft«5l/J) + (e5ia./l)) 

"-V-' 

5e(ef|/?)=ae(l)=0 

(5(e-So/h) d{e-So/h) d{e-So/h) d{e-So/h) 

Combining this with fl3.33p . fl3.34p . we obtain 

(3.37) dem^j j = i j W{x)\e^j{x)\^dx + 0{eh~^°) + 
and by integration in e (cf. (I3.29p . (I3.8p ). 

(3.38) a{e) = jjL{h) + ie f W{x)\ej{x)\‘^dx + 0{e‘^h~^°) + 


By (13.321) . we have 

(3.39) 

which implies that 

(3.40) 


d,b, d,\b\ = 0(e-^°/"), 
b{e) =t{h)+ed{e-^°/'^). 


The eigenvalnes of Pgj^ are eqnal to the ones of (cf. fl3.29p h 

(3.41) A± = Re a ± \/|6P — (Ima)^. 


fU > 0 on Ui 


Assume now that 

(3.42) 

and hence also on a hxed neighborhood of that set. Since e? is exponentially concentrated 
to a neighborhood of Ui, we conclude that 


(3.43) J lU(x)|eRx)fda: X 1, 
and fl3.37p shows that 

(3.44) a,Ima= [ W\el\^dx + 0{eh-^°) + ^ 1. 






















NON-REAL EIGENVALUES FOR PT-SYMMETRIC DOUBLE WELLS 


13 


We can now discuss when the two eigenvalues (cf. (13.411) 1 are real or complex. Since we 
are dealing with a VT symmetric operator, we know that the eigenvalues are either real or 
form complex conjugate pairs. This means that P_£ = P* and have the same spectrum. 
Consequently, we can restrict the attention to the region 0 < £ <^ . The reality or not 

of our two eigenvalues is determined by the sign of 

(3.45) \b\ — (Ima)^ = {\b\ + Ima)(|6| — Ima). 

Recall that Ima vanishes when e = 0 and is a strictly increasing function of e whose 
derivative is x 1, while b{e) and its derivative with respect to e are exponentially small. 
Thus, if we hrst consider the case when t{h) = 0, we see that both factors in fl3.45p vanish 
for e = 0 (corresponding to a double real eigenvalue of Pq) and for e > 0 the hrst factor is 
positive while the second one is negative, so the two eigenvalues in fl3.4ip are non-real and 
complex conjugate for e > 0. 


Let now t{h) ^ 0 (but still exponentially small as we recalled in fl3.10p ). Then the 
hrst factor in fl3.45p is strictly positive for 0 < e . Denote the second factor by 

f{e) = \b\ — Ima. Then /(O) = \t{h)\ > 0 and 

(3.46) f'{e) = - J W{x)\e°\^dx + 0{eh-^°) + x -1. 

Hence there exists a point e+(h) > 0 such that f{e) > 0 for 0 < e < f{e+) = 0, 

f{e) <0 for e+ < £ h^°. In the hrst region we have two real and distinct eigenvalues, 

at the point we have a real double eigenvalue, while in the last region we have a pair of 
complex conjugate non-real eigenvalues. 


In view of fl3.10p and fl3.46p we know that s+{h) = 0{e and if we restrict the 
attention to the exponentially small interval [0, 2^+] we can sharpen fl3.46p to 


which implies that 
(3.47) 


f\£) = - j W{x)\e^^{x)\^dx + 

\t{h)\ 


e+ = {l + 0(6-®°/'^)) 


J W{x)\ei{x)\‘^dx' 


and this hnishes the proof of Theorem 11.11 


Appendix A. The spectrum of P^ 

We recall from the Introduction that Pq denotes the Friedrichs extension of the diher- 
ential operator —h‘^A + Vq from C(j°(M), M = M"' or a Riemannian compact manifold. In 
the hrst case 

a = lim inf Vq ( 2^), 

IT—>-00 
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and a = 
domain 


+CX) in the latter case. We recall that the domain 'D{Pq) of Pq contains the form 


{u e L^{M)- 


\Vu\^dx 


j{Vo)+{x)\u\^dx < +oo}, 


where (Vo)+(x) = max(Vo(a:), 0). 

Proposition A.l.— The spectrum of P^ in the left half-plane Rez < a is discrete. 


Proof. When M is compact this follows quite easily from the ellipticity of P^ and the fact 
that there are always points with Re 2; -C 0 that do not belong to the spectrum. 

Thus, we consider the case when M = M”. Let jd < a he arbitrarily close to a and put 
Vo,/six) = max(Vo(3^),/9) so that Vo ,;3 is equal to Vq near inhnity or equivalently so that 
supp (Vo,/3 “ Vq) is compact. Put P^^p = —h?lS. + Vo^pix) + ieWix). 

Let us hrst notice that P^^p — z : P{Po) —t is bijective with bounded inverse when 

Rez < (3. Indeed, the injectivity follows from the estimate 

Re((Pe,^ — z)u\u) > ((Vo,^ — Re.s)M|M) > (/? — Re.2)||M||^, u G P(Po)- 

Notice also from this that Pe^/s — z has a bounded left inverse Rs^/^iz) of norm < (/3 —Re^;)"^ 
in £(L^, L^). When e = 0, Po,/3 is self-adjoint and Pq,/? — is bijective, so the left inverse is 
a bilateral inverse. By a simple deformation argument in e we get the claimed bijectivity 
for all £. 


Still for Re z < /3 we write 

r(P,,^-z)(l + (P,,^-z)-nRo-K)./ 3 )) 

Pe - Z = Pe^i3 - z + iVo- Rq,/?) = s and also 

[{l + (yo-Vo,p)iP,,p-z)-^)iP,^p-z). 

Here (Vq — Ro,/?) : t is compact, since Rq — Rq,/? G L^mp, so 


(P,,^ - z)-\Vo - Vo,p) : P(Po) ^ P(Po), 
iVo-Vo,fi)iPe,p-z)-^ -. 

are compact. The operator norms of these operators are OUfi — Re 2;)“^). Thus 

1 + (P,,^ - z)-\Vo - Vo,fi) ; P(Po) ^ P(Po) 


and 

1 -l- (Vo — Ro,^)(P£,/3 — z) ^ Lf ^ Lf 

are holomorphic families of Fredholm operators of index 0, bijective when Rez 0. From 
these observations we get the proposition in a fairly standard way. □ 
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